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We note in this study that we have calculated the Rafid- operator on the multivalent 

meromorphic functions that belong to the class  ∆ΓΘ(𝜌) and which is as in (∆1). On  the 

punctured  unit desk ℧∗ = {ϖ ∈ ℂ: 0 < |ϖ| < 1}. Introduced defined a Rafid operator 
by (Atshan et al., (2011))  and also ( Rosy et al. (2013)) studied the same operator on 
the univalent meromorphic function. Now in this research we studied this operator on 

the multivalent meromorphic function and we obtain. if an operator ℑℳ
Θ : ∆ΓΘ(𝜌) ⇢

∆ΓΘ(𝜌) which is as in defined∆1, and after entering the operator on the above functions 

in (∆1), we get a new functions  (∆3) . We also introduce a new subclass ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) 

for these functions with this operator and obtain the necessary and sufficient condition 
for functions to belong to this class. We also obtain new results for several properties of 

these functions in ℑΓℳ
Θ (ℰ, 𝑞, 𝑑), including closed under arithmetic mean , closed under 

the combinations of convex linear and convolution properties for functions. These 
results are related to complex analysis in the theory of geometric functions. 
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1. Introduction 

      A Complex analysis, traditionally known as 

the theory of complex binary variables, is a 

branch of mathematical analysis that deals with 

binary numbers. It is useful in many areas of 

mathematics, including algebraic geometry, 

number theory, combinations, analytic 

geometry, and applied mathematics, as well as 

in yoga, encompassing disciplines such as 

hydrodynamics, thermodynamics, cumulative 

mechanics, and torsional geometry. 

Consequently, the use of complex analysis also 

has applications in engineering field such as 

aerospace engineering and mechanical 

engineering (Newton G. to Math. (2023)). Since 

a differentiable function of a complex variable 

is equal to the sum function given by its Taylor 

series (i.e., it is analytic), complex analysis is 

particularly concerned with the analytic 

function, that is, a function given locally by a 

convergent power series. There are real analytic 

functions and complex analytic functions. 

Functions of each type are infinitely 

differentiable, but complex analytic functions 

exhibit properties that do not generally apply to 

real analytic functions.A meromorphic function 

on the punctured  unit desk ℧∗ = {ϖ ∈ ℂ: 0 <
|ϖ| < 1} of the complex plane is a solid 

function on all ℂ except a set of isolated points. 

We studied the multivalent meromorphic 

function by calculating the Ravid factor on it, 

studied these functions with the operator in a 

new class, obtained the necessary and sufficient 

condition, studied some new properties and 

obtained new results for the functions of this 

class. We note previous studies of this 

function(Wang et al (2009), Panigrahi (2015)). 

Previous research. (Atshan et al., (2011)) 

introduced the Rafid operator defined by Atshan 

and Buti and studied several properties of class 

functions. Various properties and functions 

have been studied by many researchers, 

https://doi.org/10.61856/4cq33h32
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https://creativecommons.org/licenses/by/4.0/
https://iijas.eventsgate.org/iijas
https://en.wikipedia.org/wiki/Complex_analysis#cite_note-1


 

 

The International Innovations Journal of Applied Science (IIJAS) Vol. 2, No.1, 15-03-2025 

5202-3-15 الاولالعدد  ثانيالالمجلد  (IIJAS) مجلة ابتكارات الدولية للعلوم التطبيقية   

https://doi.org/10.61856/4cq33h32 

 

2 

 

including (Akgaul(, (Atshan et al. (2013), 

Atshan et al. (2013), Hussain S.K. et al. (2019), 

Liu et al. (2001) Mishra et al. (2014)) and they 

obtained different results and also ( Rosy et al. 

(2013)) studied the same operator on the 

univalent meromorphic function. also studied 

many properties of this operator with 

the univalent meromorphic function. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Methodology. As we note (Rosy et al. (2013)) 

who calculated the Rafid operator but on 

monovalent functions, we collected many 

previous studies and took the multivalent 

meromorphic functions and also the factor that 

was studied previously and through these 

functions we will calculate the Rafid operator on 

them and obtain a new function under the 

influence of this factor and then we provide a 

definition of the new subcategory through which 

we obtain the affiliation of these functions to the 

category and the method of work is as follows 

in Flowchart 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

    

 

 

 

 

 

 

 

    Now let  ∆ΓΘ(𝜌) is the class of meromorphic 

functions and which is as in: 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

Flowchart 1 

definition∆1, includes calculating the 

operator on the multivalent meromorphic 

function in (∆3). 

definition∆2, We present the subclass 

ℑΓℳ
Θ (ℰ, 𝑞, 𝑑),to which the functions 

mentioned in the first definition 

belong. 

Find and calculate 
 

 Necessary and Sufficient Condition for ℋi(ϖ) ∈ ℑΓℳ
Θ (ℰ, q, d). 

Study results and discussion for " properties  ℋi(ϖ) ∈ ℑΓℳ
Θ (ℰ, q, d) ". 

ℑΓℳ
Θ (ℰ, q, d) is closed under arithmetic 

  mean, we  get  

Theorem ∆3.1.1 and Theorem ∆3.1.2 

 
ℑΓℳ

Θ (ℰ, q, d) is closed under convex 

linear combinations, we  get  

Theorem ∆3.2.1 and Theorem ∆3.2.2  

convolution properties for ℋ𝑖(ϖ) 
∈  ℑΓℳ

Θ (ℰ, 𝑞, 𝑑), we  get  
Theorem ∆3.3.1and  Theorem ∆3.3.2 
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The International Innovations Journal of Applied Science (IIJAS) Vol. 2, No.1, 15-03-2025 

5202-3-15 الاولالعدد  ثانيالالمجلد  (IIJAS) مجلة ابتكارات الدولية للعلوم التطبيقية   

https://doi.org/10.61856/4cq33h32 

 

3 

 

ℋ𝑖(ϖ) =
1

ϖ𝜌
+ ∑ A𝑗+𝜌,𝑖  ϖ𝑗+𝜌

∞

𝑗=1

,   

  𝑖 = 1,2, … ,   𝜌 ∈ N = {1,2, … }.               (∆1) 

On  the punctured  unit desk ℧∗ = {ϖ ∈ ℂ: 0 <
|ϖ| < 1}. 
Let ℋ1(ϖ) and ℋ2(ϖ) Provided by (∆1)  then 
(ℋ1 ∗ ℋ2)(ϖ) denote of Hadamard product (or 

convolution), which is as in: 

(ℋ1 ∗ ℋ2)(ϖ) =
1

ϖ𝜌
+ ∑ A𝑗+𝜌,1A𝑗+𝜌,2 ϖ𝑗+𝜌

∞

𝑗=1

. 

                                     (∆2) 

Definition∆1: ∀ ℋi(ϖ) ∈ ∆ΓΘ(𝜌) in (∆1), 0 
≤ ℳ ≤1and 0 ≤ Θ ≤ 1, if an operator 
ℑℳ

Θ : ∆ΓΘ(𝜌) ⇢ ∆ΓΘ(𝜌) which is as in: 

ℑℳ
Θ ℋ𝑖(ϖ) 

=
1

(1 − ℳ)Θ−𝜌Γ(Θ − 𝜌 + 1)
∫ 𝑥Θ−1

∞

0

𝑒
−(

𝑥

1−ℳ
)
ℋ𝑖(ϖ𝑥)𝑑𝑥, 

then 

 ℑℳ
Θ ℋ𝑖(ϖ) =

1

ϖ𝜌
 

+ ∑ A𝑗+𝜌,𝑖

(1 − ℳ)𝑗+2𝜌Γ(𝑗 + Θ + 𝜌 + 1)

Γ(Θ − 𝜌 + 1)
 ϖ𝑗+𝜌 .       

∞

𝑗=1

 

(∆3) 
And let  

𝑇(Θ, ℳ, 𝜌) =
(1 − ℳ)𝑗+2𝜌Γ(𝑗 + Θ + 𝜌 + 1)

Γ(Θ − 𝜌 + 1)
. 

Definition∆2: ∀ ℋi(ϖ) ∈ ∆ΓΘ(𝜌) in 
(∆1), 𝑖 = 1,2 , 0 ≤ 𝑑 < 𝜌 , 0 ≤ 𝑞 ≤ 1and 0 < ℰ 
≤ 1, let ℑΓℳ

Θ(ℰ, q, d) is subclass from 
 ∆ΓΘ(𝜌) then ℋi(ϖ) ∈ ℑΓℳ

Θ(ℰ, 𝑞, 𝑑)  if the 
condition is met: 

|
𝜌 + ϖ𝜌+1 ℑℳ

Θ ℋ𝑖
′(ϖ)

(𝜌 − (1 + 𝑞)𝑑) − 𝑞ϖ𝜌+1 ℑℳ
Θ ℋ𝑖

′(ϖ)
|

< ℰ.                             (∆4) 
Where 0 ≤ ℳ ≤1and 0 ≤ Θ ≤ 1. 
 

𝟐. "Necessary and Sufficient Condition 

for ℋi(ϖ) ∈ ℑΓℳ
Θ(ℰ, 𝑞, 𝑑)". 

      In this section, the necessary condition for 
the functions (∆1)to belong to the class 
ℑΓℳ

Θ(ℰ, 𝑞, 𝑑) is calculated. 

Theorem∆𝟐.1. ∀ ℋi(ϖ) ∈ ∆ΓΘ(𝜌) in 

(∆1), 𝑖 = 1,2, then ℋi(ϖ) ∈ ℑΓℳ
Θ(ℰ, 𝑞, 𝑑) if 

and only if  

  ∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,𝑖

∞

𝑗=1

 

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑),                 (∆5) 

where 0 ≤ ℳ ≤1and 0 ≤ Θ ≤ 1. 
 

A sharp result of the functions 

 ℑℳ
Θ ℋ𝑖(ϖ) =

1

ϖ𝜌
 

+ ∑
ℰ(1 + 𝑞)(𝜌 − 𝑑)

(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
 ϖ𝑗+𝜌 .   (∆6)

∞

𝑗=1

 

 

Proof ∆𝟐.1. Let (∆5) be true, |𝑧| = 1   

 

  |𝜌 + ϖ𝜌+1 ℑℳ
Θ ℋ𝑖

′(ϖ)| 

 < ℰ|(𝜌 − (1 + 𝑞)𝑑) − 𝑞ϖ𝜌+1 ℑℳ
Θ ℋ𝑖

′(ϖ)| 

= |𝜌 + ϖ𝜌+1 ℑℳ
Θ ℋ𝑖

′(ϖ)| 

−ℰ|(𝜌 − (1 + 𝑞)𝑑) − 𝑞ϖ𝜌+1 ℑℳ
Θ ℋ𝑖

′(ϖ)| 

= |∑ A𝑗+𝜌,𝑖(𝑗 + 𝜌)𝑇(Θ, ℳ, 𝜌) ϖ𝑗+𝜌        

∞

𝑗=1

| 

 −ℰ|(𝜌 − (1 + 𝑞)𝑑) + 𝑞𝜌 

− 𝑞 ∑ A𝑗+𝜌,𝑖(𝑗 + 𝜌)𝑇(Θ, ℳ, 𝜌) ϖ𝑗+𝜌  

∞

𝑗=1

⌋ 

≤ ∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,𝑖

∞

𝑗=1

− ℰ(1 + 𝑞)(𝜌 − 𝑑) < 0. 

From (∆5), we get ℋi(ϖ) ∈ ℑΓℳ
Θ(ℰ, 𝑞, 𝑑).   

On the contrary, let us ℋi(ϖ) ∈  
ℑΓℳ

Θ(ℰ, 𝑞, 𝑑) and from  (∆4), we have 

|
𝜌 + ϖ𝜌+1 ℑℳ

Θ ℋ𝑖
′(ϖ)

(𝜌 − (1 + 𝑞)𝑑) − 𝑞ϖ𝜌+1 ℑℳ
Θ ℋ𝑖

′(ϖ)
| < ℰ, 

this means that 

https://doi.org/10.61856/4cq33h32
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|
∑ A𝑗+𝜌,𝑖(𝑗 + 𝜌)𝑇(Θ, ℳ, 𝜌) ϖ𝑗+𝜌       ∞

𝑗=1

(𝜌 − (1 + 𝑞)𝑑) + 𝑞𝜌 − 𝑞 ∑ A𝑗+𝜌,𝑖(𝑗 + 𝜌)𝑇(Θ, ℳ, 𝜌) ϖ𝑗+𝜌 ∞
𝑗=1

| 

< ℰ. 
And because 𝑅𝑒(ϖ) < |ϖ|  , we get  
 

𝑅𝑒 {
∑ 𝐴𝑗+𝜌,𝑖(𝑗 + 𝜌)𝑇(𝛩, ℳ, 𝜌) 𝜛𝑗+𝜌       ∞

𝑗=1

(𝜌 − (1 + 𝑞)𝑑) + 𝑞𝜌 − 𝑞 ∑ 𝐴𝑗+𝜌,𝑖(𝑗 + 𝜌)𝑇(𝛩, ℳ, 𝜌) 𝜛𝑗+𝜌  ∞
𝑗=1

} 

< ℰ. 
From  ϖ → 1− throughout real values. Then we 

get (∆5) 
 

Corollary ∆2.2 : ∀ ℋi(ϖ) ∈ ∆ΓΘ(𝜌) in 

(∆1), 𝑖 = 1,2, if ℋi(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑), then 

A𝑗+𝜌,𝑖 ≤
ℰ(1 + 𝑞)(𝜌 − 𝑑)

(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
. 

 

A sharp result of the functions in (∆6). 
 

𝟑. Results and discussion 𝐟𝐨𝐫  " 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 

 𝓗𝐢(𝛡) ∈ 𝕴𝚪𝓜
𝚯 (𝓔, 𝐪, 𝐝) ".  

        Now we study the properties of the class 
ℑΓℳ

Θ (ℰ, q, d) and we get the results that the 
class is closed under the arithmetic mean, 
closed under the combinations of convex 
linear and the properties of the convolution 
of functions. 
 

∆𝟑. 𝟏. " ℑΓℳ
Θ (ℰ, q, d) is closed under arithmetic 

              mean ". 
 

Theorem ∆3.1.1. Let it be the functions ℋi(ϖ) 

∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) in(∆1), ∀ 𝑖 = 1,2, … , 𝑟. Then 

the function ℋℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑),  

ℋℋ𝑖(ϖ) =
1

ϖ𝜌
+ ∑ AA𝑗+𝜌  ϖ𝑗+𝜌

∞

𝑗=1

,   

       𝑖 = 1,2, … , 𝑟, (∆7) 

where 

   AA𝑗+𝜌  =
1

𝛾
∑ A𝑗+𝜌,𝑖  

𝛾

𝑖=1

 ,          𝑗 = 1,2, …  .        

proof ∆3.1.1.  From ℋi(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) and 

from Theorem ∆2.1, we get  

∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,𝑖

∞

𝑗=1

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑), 
 

∀ 𝑖 = 1,2, … , 𝑟 . So  

  ∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)AA𝑗+𝜌,𝑖

∞

𝑗=1

      

= ∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)

∞

𝑗=1

(
1

𝛾
∑ A𝑗+𝜌,𝑖  

𝛾

𝑖=1

)  

=
1

𝛾
∑  ∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,𝑖

∞

𝑗=1

𝛾

𝑖=1

     

≤
1

𝛾
∑ ℰ(1 + 𝑞)(𝜌 − 𝑑) = ℰ(1 + 𝑞)(𝜌 − 𝑑)

𝛾

𝑖=1

, 

we get  ℋℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑). 

 

Theorem ∆3.1.2. Let it be the functions ℋi(ϖ) 

∈ ℑΓℳ
Θ (ℰ𝑖 , 𝑞𝑖 , 𝑑𝑖) in(∆1), ∀ 𝑖 = ,2, … , 𝑟, and 0 

≤ 𝑑 < 𝜌 , 0 ≤ 𝑞 ≤ 1and 0 < ℰ ≤ 1 Then the 

function ℋℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) in (∆7). 

Where ℰ = 𝑚𝑖𝑛{ℰ𝑖}, 𝑞 = 𝑚𝑖𝑛{𝑞𝑖} , 𝑑 =
𝑚𝑖𝑛{𝑑𝑖} and 1 ≤ 𝑖 ≤ 𝛾. 

proof ∆3.1.2. From ℋi(ϖ) ∈ ℑΓℳ
Θ (ℰ𝑖, 𝑞𝑖 , 𝑑𝑖)in  

 (∆1), ∀ 𝑖 = 1,2, … , 𝑟, and from Theorem ∆2.1, 

we get  

∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,𝑖

∞

𝑗=1

 

≤ ℰ𝑖(1 + 𝑞𝑖)(𝜌 − 𝑑𝑖), 

 so        

 ∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)

∞

𝑗=1

(
1

𝛾
∑ A𝑗+𝜌,𝑖  

𝛾

𝑖=1

)      

=
1

𝛾
∑  ∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,𝑖

∞

𝑗=1

𝛾

𝑖=1

 

 ≤
1

𝛾
∑ ℰ𝑖(1 + 𝑞𝑖)(𝜌 − 𝑑𝑖)

𝛾

𝑖=1

, 

 

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑). 
 

 Hence  ℋℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑). 
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∆𝟑. 𝟐.  "ℑΓℳ
Θ (ℰ, q, d) is closed under convex    

            linear combinations". 
 

Theorem ∆3.2.1. Let it be the functions ℋi(ϖ) 

∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) in(∆1), ∀ 𝑖 = 1,2.  Then the 

function  ℎℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) where 

ℎℋ𝑖(ϖ) is defined by  

ℎℋ𝑖(ϖ) = (1 − v)ℋ1(ϖ) + vℋ2(ϖ),  

    0 ≤ v < 1. 
proof ∆3.2.1. First we calculate   

ℎℋ𝑖(ϖ) =
1

ϖ𝜌
+ ∑[(1 − v)A𝑗+𝜌,1 

∞

𝑗=1

 

                             +vA𝑗+𝜌,2]ϖ𝑗+𝜌 

from Theorem ∆2.1, we get  

  ∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)

∞

𝑗=1

[(1 − v)A𝑗+𝜌,1 

+vA𝑗+𝜌,2]      

  = (1 − v) ∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,1

∞

𝑗=1

 

 +v ∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)

∞

𝑗=1

A𝑗+𝜌,2   

 ≤ (1 − v)ℰ(1 + 𝑞)(𝜌 − 𝑑)      

                      +vℰ(1 + 𝑞)(𝜌 − 𝑑) 

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑). 
 

Hence ℎℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑). 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theorem ∆3.2.2. Let it be the functions ℋi(ϖ) 

∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) in(∆1), ∀𝑖 = 1,2,. Then the 

function 𝑔ℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) where 

𝑔ℋ𝑖(ϖ) is defined by 

𝑔ℋ𝑖(ϖ) =
1

2
[ℋ1(ϖ) + ℋ2(ϖ)] 

proof ∆3.2.2. First we calculate 

𝑔ℋ𝑖(ϖ) =
1

ϖ𝜌
+

1

2
∑[A𝑗+𝜌,1 

∞

𝑗=1

+ A𝑗+𝜌,2]ϖ𝑗+𝜌 , 

 Let's 

 ∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)
1

2
[A𝑗+𝜌,1    

∞

𝑗=1

+ A𝑗+𝜌,2] 

  =
1

2
∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,1

∞

𝑗=1

 

 +
1

2
∑(𝑗 + 𝜌)(1 + 𝑞𝑖ℰ𝑖)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,2 

∞

𝑗=1

 

 ≤
1

2
ℰ(1 + 𝑞)(𝜌 − 𝑑) +

1

2
ℰ(1 + 𝑞)(𝜌 − 𝑑) 

= ℰ(1 + 𝑞)(𝜌 − 𝑑). 

Hence 𝑔ℋ𝑖(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑). 

 

 

 

 

 

Table 1: Comparison between Theorem ∆3.1.1 and Theorem ∆3.1.2 

(ℑΓℳ
Θ (ℰ, q, d) is closed under arithmetic mean) 

theorem let where then 

∆3.1.1      ℋi(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑞, 𝑑) in(∆1) 

, ∀ 𝑖
= 1,2, … , 𝑟. 

ℋℋ𝑖(ϖ) =
1

ϖ𝜌
+ ∑ AA𝑗+𝜌  ϖ𝑗+𝜌

∞

𝑗=1

, 

  𝑖 = 1,2, … , 𝑟, (∆7) 
where 

 AA𝑗+𝜌  =
1

𝛾
∑ A𝑗+𝜌,𝑖  

𝛾

𝑖=1

 , 𝑗 = 1,2, …  . 

the function 

ℋℋ𝑖(ϖ) ∈ 

ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) 

∆3.1.2 ℋi(ϖ) ∈ 

ℑΓℳ
Θ (ℰ𝑖 , 𝑞𝑖 , 𝑑𝑖) in(∆1), ∀ 𝑖 =
, ∀ 𝑖 =

1,2, … , 𝑟. 

ℰ = 𝑚𝑖𝑛{ℰ𝑖}, 𝑞 = 𝑚𝑖𝑛{𝑞𝑖} , 𝑑 =
𝑚𝑖𝑛{𝑑𝑖} and 1 ≤ 𝑖 ≤ 𝛾. 

the function 

ℋℋ𝑖(ϖ) ∈ 

ℑΓℳ
Θ (ℰ, q, d)in (∆7) 

 

https://doi.org/10.61856/4cq33h32
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∆𝟑. 𝟑. " convolution properties for ℋ𝑖(ϖ)  
          ∈  ℑΓℳ

Θ (ℰ, 𝑞, 𝑑) ". 
 

Theorem ∆3.3.1. Let it be the functions ℋi(ϖ) 

∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) in(∆1), ∀𝑖 = 1,2. Then the 

function (ℋ1 ∗ ℋ2)(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑄, 𝑑) in 

(∆2) where  

𝑄 

=
(1 + 𝜌)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑞)2(𝜌 − 𝑑)

ℰ2(1 + 𝑞)2(𝜌 − 𝑑) − (1 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
. 

proof ∆3.3.1. we find the largest value of 𝑄 such 

that.  

∑(𝑗 + 𝜌)(1 + 𝑄ℰ)𝑇(Θ, ℳ, 𝜌)[A𝑗+𝜌,1. A𝑗+𝜌,2]

∞

𝑗=1

≤ ℰ(1 + 𝑄)(𝜌 − 𝑑). 

From ℋi(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) in(∆1), ∀𝑖 = 

1,2, and from Theorem ∆2.1, we get  

∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,𝑖

∞

𝑗=1

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑), ∀𝑖 = 1,2.  
 

From the Cauchy- Schwarz inequality we find 

 

∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)√A𝑗+𝜌,1. A𝑗+𝜌,2

∞

𝑗=1

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑).             (∆8) 
 

So, we will show 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

∑
(𝑗 + 𝜌)(1 + 𝑄ℰ)𝑇(Θ, ℳ, 𝜌)

ℰ(1 + 𝑄)(𝜌 − 𝑑)
[A𝑗+𝜌,1. A𝑗+𝜌,2]

∞

𝑗=1

≤ ∑
(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)

ℰ(1 + 𝑞)(𝜌 − 𝑑) √A𝑗+𝜌,1. A𝑗+𝜌,2

∞

𝑗=1

. 

This would be, if 
 

√A𝑗+𝜌,1. A𝑗+𝜌,2 ≤
(1 + 𝑄)(1 + 𝑞ℰ)

(1 + 𝑞)(1 + 𝑄ℰ)
 , 

 

by (∆8), we get  

√A𝑗+𝜌,1. A𝑗+𝜌,2    

                    ≤
ℰ(1 + 𝑞)(𝜌 − 𝑑)

(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
 ,          

therefore, if 

ℰ(1 + 𝑞)(𝜌 − 𝑑)

(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
≤

(1 + 𝑄)(1 + 𝑞ℰ)

(1 + 𝑞)(1 + 𝑄ℰ)
 . 

                              (∆9) 

by (∆9), we get 

𝑄 

≤
(𝑗 + 𝜌)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑞)2(𝜌 − 𝑑)

ℰ2(1 + 𝑞)2(𝜌 − 𝑑) − (𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
. 

 

Function definition 

𝑀1(𝑗) 

Table 2: Comparison between Theorem ∆3.2.1 and Theorem ∆3.2.2 

(ℑΓℳ
Θ (ℰ, q, d) is closed under convex linear combinations) 

theorem let where then 

∆3.2.1      ℋi(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑞, 𝑑) in(∆1) 

, ∀ 𝑖 = 1,2. 

ℎℋ𝑖(ϖ) is defined by  

ℎℋ𝑖(ϖ) = (1 − v)ℋ1(ϖ) + vℋ2(ϖ),
0 ≤ v < 1.  

the unction ℎℋ𝑖(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑞, 𝑑) 

∆3.2.2      ℋi(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑞, 𝑑) in(∆1) 

, ∀ 𝑖 = 1,2. 

𝑔ℋ𝑖(ϖ) is defined by 

𝑔ℋ𝑖(ϖ) =
1

2
[ℋ1(ϖ) + ℋ2(ϖ)] 

 

the function 𝑔ℋ𝑖(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑞, 𝑑) 

 

https://doi.org/10.61856/4cq33h32
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=
(𝑗 + 𝜌)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑞)2(𝜌 − 𝑑)

ℰ2(1 + 𝑞)2(𝜌 − 𝑑) − (𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
, 

 

we notice that the function 𝑀1(𝑗) is increasing. 

For j≥ 1, hence 

𝑄 

=
(1 + 𝜌)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑞)2(𝜌 − 𝑑)

ℰ2(1 + 𝑞)2(𝜌 − 𝑑) − (1 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
. 

Theorem ∆3.3.2. Let it be the functionsℋ1(ϖ) 

∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) and ℋ2(ϖ) ∈ ℑΓℳ

Θ (ℰ, 𝑄, 𝑑)in 
(∆1).  Then the function  (ℋ1 ∗ ℋ2)(ϖ) ∈
ℑΓℳ

Θ (ℰ, ∅, 𝑑)   in(∆2) where  

∅ 

=
(1 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑)

ℰ2(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑) − (1 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
. 

proof ∆3.3.2. we find the largest value of ∅ such 

that.  

∑(𝑗 + 𝜌)(1 + ∅ℰ)𝑇(Θ, ℳ, 𝜌)[A𝑗+𝜌,1. A𝑗+𝜌,2]

∞

𝑗=1

≤ ℰ(1 + ∅)(𝜌 − 𝑑). 
From Theorem ∆2.1 and ℋ1(ϖ) ∈ 

ℑΓℳ
Θ (ℰ, 𝑞, 𝑑) in(∆1), we get  

∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,1

∞

𝑗=1

        

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑) 

and ℋ2(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑄, 𝑑) in(∆1), we get 

 

∑(𝑗 + 𝜌)(1 + 𝑄ℰ)𝑇(Θ, ℳ, 𝜌)A𝑗+𝜌,2

∞

𝑗=1

≤ ℰ(1 + 𝑄)(𝜌 − 𝑑). 
From the Cauchy- Schwarz inequality we find 
 

∑(𝑗 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)√A𝑗+𝜌,1. A𝑗+𝜌,2

∞

𝑗=1

≤ ℰ(1 + 𝑞)(𝜌 − 𝑑).                        (∆8) 
So, we will show 

∑
(𝑗 + 𝜌)(1 + ∅ℰ)𝑇(Θ, ℳ, 𝜌)

ℰ(1 + ∅)(𝜌 − 𝑑)
[A𝑗+𝜌,1. A𝑗+𝜌,2]

∞

𝑗=1

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

≤ ∑
(𝑗 + 𝜌)𝑇(Θ, ℳ, 𝜌)

ℰ(𝜌 − 𝑑)
√

(1 + 𝑄ℰ)(1 + 𝑞ℰ)

(1 + 𝑄)(1 + 𝑞)
A𝑗+𝜌,1. A𝑗+𝜌,2

∞

𝑗=1

. 

                     
This would be, if 

√A𝑗+𝜌,1. A𝑗+𝜌,2 

                      ≤
(1 + ∅)√(1 + 𝑄ℰ)(1 + 𝑞ℰ) 

(1 + ∅ℰ)√(1 + 𝑄)(1 + 𝑞) 
 , 

by(∆10), we get 

√A𝑗+𝜌,1. A𝑗+𝜌,2

≤
ℰ(𝜌 − 𝑑)√(1 + 𝑄)(1 + 𝑞)

(𝑗 + 𝜌)𝑇(Θ, ℳ, 𝜌)√(1 + 𝑄ℰ)(1 + 𝑞ℰ) 
 ,          

 

therefore, if 

ℰ(𝜌 − 𝑑)√(1 + 𝑄)(1 + 𝑞)

(𝑗 + 𝜌)𝑇(Θ, ℳ, 𝜌)√(1 + 𝑄ℰ)(1 + 𝑞ℰ) 
 

≤
(1 + ∅)√(1 + 𝑄ℰ)(1 + 𝑞ℰ) 

(1 + ∅ℰ)√(1 + 𝑄)(1 + 𝑞) 
.               (∆11) 

by (∆11), we get 
 

∅ 

≤
(𝑗 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑)

ℰ2(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑) − (𝑗 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
. 

 

Function definition 

𝑀2(𝑗) 

=
(𝑗 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑)

ℰ2(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑) − (𝑗 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
, 

 

we notice that the function 𝑀2(𝑗) is increasing. 

For j ≥ 1, hence 

∅ 

=
(1 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑)

ℰ2(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑) − (1 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
. 

 

 

 

 

 

 

 

Table 3: Comparison between Theorem ∆3.3.1 and Theorem ∆3.3.2 

(convolution properties for ℋi(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑)) 

theorem let where then 

∆3.3.1      ℋi(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑞, 𝑑)  

 in(∆1), ∀ 𝑖 = 1,2. 

𝑄 =
(1 + 𝜌)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑞)2(𝜌 − 𝑑)

ℰ2(1 + 𝑞)2(𝜌 − 𝑑) − (1 + 𝜌)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
 

(ℋ1 ∗
ℋ2)(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑄, 𝑑) in 

(∆2) 

∆3.3.2 ℋ1(ϖ) ∈ ℑΓℳ
Θ (ℰ, 𝑞, 𝑑)  

 and ℋ2(ϖ)

∈ ℑΓℳ
Θ (ℰ, 𝑄, 𝑑)in(∆1) 

∅ 

=
(1 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)2𝑇(Θ, ℳ, 𝜌) − ℰ(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑)

ℰ2(1 + 𝑄)(1 + 𝑞)(𝜌 − 𝑑) − (1 + 𝜌)(1 + 𝑄ℰ)(1 + 𝑞ℰ)𝑇(Θ, ℳ, 𝜌)
 

 (ℋ1 ∗
ℋ2)(ϖ) ∈
ℑΓℳ

Θ (ℰ, ∅, 𝑑)  

https://doi.org/10.61856/4cq33h32
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Conclusion. In this research, the tributary factor 

was calculated on the multivalent meromorphic 

function, and thus we obtained a new function, 

and we introduced a new subclass and defined 

the class to which the new functions belong, and 

we found the necessary and sufficient condition 

for the functions to belong to the class, and we 

studied and obtained new results for the 

properties of these functions in this class, 

including ℑΓℳ
Θ (ℰ, q, d)  is closed under 

arithmetic mean and ℑΓℳ
Θ (ℰ, q, d) is closed 

under convex linear combinations and 

convolution properties for ℋi(ϖ) ∈
ℑΓℳ

Θ (ℰ, 𝑞, 𝑑)  and as explained further in the 

tables 1-2-3 respectively. 
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